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A general procedure to construct criteria for identifying genuine multipartite continuous variable
entanglement is presented. It relies on the definition of adequate global operators describing the
multipartite system, the positive partial transpose criterion of separability, and quantum mechanical
uncertainty relations. As a consequence, each criterion encountered consists in a single inequality
nicely computable and experimentally feasible. Violation of the inequality is sufficient condition for
genuine multipartite entanglement. Additionally we show that the previous work of van Loock and
Furusawa [Phys. Rev. A, 67, 052315 (2003)] is a special case of our result.
I. INTRODUCTION
Genuine multipartite entanglement – entanglement be-
tween three or more quantum systems – is essential to
harness the full power of quantum computing in either
the circuit [1] or one-way models [2] as well as to the
security in multi-party quantum encryption protocols
[3]. Additionally, it provides increased precision in quan-
tum metrology [4, 5], furnishes the resource to solve the
Byzantine agreement problem [6], and allows for multi-
party quantum information protocols such as open desti-
nation quantum teleportation [7]. There is also evidence
that it is responsible for efficient transport in biological
systems [8], and is linked to fundamental aspects of phase
transitions [9].
Experimental identification of genuine multipartite en-
tanglement is essential, since in order to reliably realize
any multipartite entanglement-based task, it is necessary
to confirm the presence of genuine multipartite entangled
states. Although quantum state tomography can provide
all of the available information about the system, it re-
quires a number of measurements that increases expo-
nentially with the number of subsystems. Thus, entan-
glement witnesses composed of an abbreviated number
of measurements are the most viable method for iden-
tifying genuine multipartite entanglement. This is true
especially when the system is of high dimension, due to
the dimension of the Hilbert space of each subsystem
and/or the number of constituent subsystems.
In particular, for a continuous variable (CV) system
composed of n subsystems or modes, quantum state to-
mography is not viable in general. This is rapidly be-
coming an important experimental concern, since pos-
sibly genuine multipartite CV entanglement has been
produced for three degenerate [10] and non-degenerate
modes [11], and more recently for a large number of tem-
poral [12] or spectral [13, 14] modes. Even for the specific
case of two-modes, the difficulty of state tomography has
also led to several criteria involving second-order [15–18]
and higher-order moments [19–24] of the canonical vari-
ables. Most of these criteria are based on the positive
partial transpose (PPT) argument [25, 26] and uncer-
tainty relations involving the variance [15–18] or entropy
[22, 23] of marginal distributions. Motivated by the im-
possibility of PT based entanglement criteria to detect
bound entanglement [27], in [28] the authors construct bi-
partite entanglement witnesses solving the so-called sep-
arability eigenvalue equation. The authors extend their
approach in [29] deriving a set of algebraic equations,
which yield the construction of arbitrary multipartite en-
tanglement witnesses using general Hermitian operators.
This approach is powerful when several measurements
of different Hermitian operators are considered in order
to feed the optimisation problem involved to obtain the
optimal entanglement criteria with the measurements at
hand. Despite the lack of economy in terms of number
of measurements, it was successfully implemented in [14]
to characterise multipartite entanglement in multimode
frequency-comb Gaussian states, where the entire covari-
ance matrix of the state was measured [30].
From a practical point of view, genuine entanglement
criteria that are economical in terms of the number of
measurement required for their implementation are more
desirable. A first step in this direction for CV systems
was made by van Loock and Furusawa [31] using a vari-
ance criterion to test full n−partite inseparability. These
criteria do not require reconstruction of the covariance
matrix, and for this reason they were preferred to test
full n−partite inseparability in most of the CV multipar-
tite states generated in the laboratory [10, 11, 13, 32–34].
However, genuine multipartite entanglement is different
from n−partite inseparability, which can be produced by
mixing quantum states with fewer that n entangled sub-
systems. In general, to prove genuine multipartite entan-
glement, one must show that the state cannot be written
as a convex sum of biseparable states [35, 36]. In refer-
ence [36], the authors show that one of the criterion of
van Loock and Furusawa, consisting of a single inequal-
ity for a proper non-local operator, is indeed a genuine
multipartite entanglement criterion, and extend the cri-
terion also for the product of variances. They also show
how to adapt some of the criteria in [31], for three and
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2four modes, in order to obtain genuine entanglement cri-
teria. It is important to note that the criteria in [31, 36]
are based on uncertainty relations (UR) only for the vari-
ances of non-local linear observables (NLO) (i.e. linear
combination of canonical conjugate local observables).
In this work, we solve the problem of how to construct
genuine entanglement criteria for n CV modes using the
positive partial transposition (PPT) separability crite-
rion in conjunction with general uncertainty relations for
non-local linear observables (URNLO). We will call these
“PPT+URNLO” criteria. Our systematic method con-
sists of adequate definitions of global operators of the
n-partite system, which can be employed together with
a wide range of quantum mechanical uncertainty rela-
tions, producing classes of unique inequalities that test
genuine n-partite entanglement. In particular, we de-
rive the unique family constituting single pairs of global
n-mode position and momentum operators that simulta-
neously test entanglement in all possible bipartitions and
also genuine n-partite entanglement. In the multipartite
scenario, the criteria of van Loock and Furusawa [31] and
also the criteria in [36–38] constitute particular cases of
our results. In the bipartite scenario, we recover the most
popular entanglement criteria [15–18, 22, 23].
The versatility of our results is twofold: i) for a fixed
type of uncertainty relation we give the recipe of how
to search all the pairs of non-local operators that could
certify genuine multipartite entanglement in a given pre-
pared target state, ii) for a fixed pair or a set of pairs
of non-local operators whose marginal distributions are
available to the experimentalist, we provide the possibil-
ity to search which uncertainty relation is more suitable
to certify genuine multipartite entanglement.
In addition to showing that the criteria in [16–18, 31,
36–38], originally derived using the Cauchy-Schwarz in-
equality can be rederived using PPT separability crite-
rion explicitly, we provide a general framework to obtain
genuine entanglement criteria using PPT arguments and
general uncertainty relations for non-local linear observ-
ables. If we consider that most of the target states in
quantum information tasks are pure and their experi-
mental implementation are meant to approximate these
states, mixed bound entangled states are practically ex-
cluded. Even for mixed states, bound entanglement is
a rare phenomena [39], so genuine entanglement criteria
based on PPT arguments which are economical for their
implementation are very useful.
This work is organised as follows. In Section II we es-
tablish the general idea of the class of “PPT+URNLO”
criteria and apply it to the case of two mode systems,
and give several examples of well known bipartite entan-
glement criteria that belong to this class. In section III
we set the notation to describe all the bipartitions of an
n-mode system and we review the definition of genuine
multipartite entanglement. Section IV is devoted to the
derivation of “PPT+URNLO” entanglement criteria to
test bipartite entanglement in the multipartite scenario.
In section V we use these bipartite criteria to build sev-
eral criteria for genuine multipartite entanglement. Con-
cluding remarks are given in section VII.
II. BIPARTITE CRITERIA FOR TWO-MODE
SYSTEMS
Let’s us begin introducing our approach in the case of a
bipartite system. For states ρˆ of two bosonic modes, sev-
eral entanglement criteria have been developed to detect
bipartite entanglement [15–19, 21–24, 28, 40, 41]. Most
of these criteria [15–19, 21–24, 41] rely on the PPT sep-
arability criterion. We note that several of these criteria
[16–18] were not originally derived using the PPT sepa-
rability criterion explicitly. Nevertheless, in section II A
we show that they are indeed special cases of a general
PPT separability criterion.
Some of these entanglement criteria [15–18, 22–24] are
constructed using quantum-mechanical uncertainty rela-
tions that are based on quantities associated with oper-
ators of the form
uˆ = h1xˆ1 + h2xˆ2 (1a)
vˆ = g1pˆ1 − g2pˆ2, (1b)
where hj and gj are arbitrary real numbers. We call
these “non-local” observables in the sense that they are
linear combinations of observables on both systems. In
general, uˆ and vˆ do not commute: [uˆ, vˆ] = iγ1ˆ, where
γ = h1g1−h2g2. Then, a generic URNLO will be satisfied
by all states ρˆ, and can be written as
F [ρˆ, Puˆ, Pvˆ] ≥ f(|γ|), (2)
where f is an increasing function of its argument and
F is a functional, involving quantities that can be ei-
ther directly measured or determined from the marginal
probabilities distributions Puˆ(u) = 〈u| ρˆ |u〉 and Pvˆ(v) =
〈v| ρˆ |v〉 that are associated with the measurement of uˆ
and vˆ on the state ρˆ.
Using uncertainty relations of this type, a
PPT+URNLO bipartite entanglement criteria can
be derived in the following generic way. A consequence
of the PPT separability criterion [15, 25, 26] is that
if the partial transpose operator ρˆT [49] does not
correspond to a proper density operator (i.e. it has
negative eigenvalues) then the original state is entangled
with respect to that bipartition. This means that the
URNLO
F [ρˆT , Puˆ, Pvˆ] ≥ f(|γ|) (3)
can be violated because uˆ and vˆ do not necessarily verify
an uncertainty relation when the operator ρˆT does not
correspond to a quantum state. This only occurs when
the original bipartite state ρˆ is entangled. Violation of
Eq.(3) is only a sufficient condition for bipartite entangle-
ment, and is not a necessary one. Nevertheless, criteria
of this type are appealing due to the reduced number
3of measurements required, and so they are widely used
in experimental detection of entanglement in continuous
variable systems.
Partial transposition is a non-physical transformation.
Thus, inequality (3) is a useful entanglement criterion
only if there is a simple way to obtain F [ρˆT , Puˆ(ξ), Pvˆ(ξ)]
from measurements on the original state ρˆ. This connec-
tion can be made by considering the fact that transpo-
sition is equivalent to a mirror reflection in phase space
[15], taking (x, p) −→ (x,−p). For two mode states, non-
local observables of the form
µˆ = h1xˆ1 + h2xˆ2 (4a)
νˆ = g1pˆ1 + g2pˆ2 (4b)
are then transformed as µˆ −→ uˆ and νˆ −→ vˆ =
±g1pˆ1 ∓ g2pˆ2 where the plus (minus) sign corresponds
to transposition on the second (first) mode. For this rea-
son, throughout this paper we will refer to µ, ν as the
“original” variables, and u, v as the “mirrored” variables.
With this correspondence between the original and
mirrored variables, it can be shown that functionals re-
lated to probability distributions of µ and ν on the orig-
inal state ρ are equivalent to those related to u and v on
the partially transposed state:
F [ρˆT , Puˆ, Pvˆ] = F [ρˆ, Pµˆ, Pνˆ ]. (5)
Note that in general µˆ and νˆ also do not commute:
[µˆ, νˆ] = iδ1ˆ, where δ = h1g1 + h2g2. Thus, they sat-
isfy the equivalent uncertainty relation
F [ρˆ, Pµˆ, Pνˆ ] ≥ f(|δ|). (6)
Combining Eqs.(3), (5) and (6) we can write any
PPT+URNLO bipartite entanglement criterion as:
F [ρˆT , Puˆ, Pvˆ] = F [ρˆ, Pµˆ, Pνˆ ] ≥ f(|δ¯|), (7)
where |δ¯| = max{|γ|, |δ|}. Thus, for two mode systems
we have |δ¯| = |h1g1| + |h2g2|. Due to the UR in Eq.(6)
violation of the inequality in Eq.(7) is only possible in
the cases when |δ¯| = |γ| > |δ| and implies entanglement.
Thus, it is necessary to choose γ and δ adequately.
A. Examples of Bipartite Criteria
Let us briefly review some PPT+URNLO bipartite en-
tanglement criteria that appear in the literature. In Ta-
ble I we identify the correspondence between our notation
and previous entanglement criteria.
In the case where F is the sum of variances ∆2ξˆ of the
marginal distributions Pξˆ(ξ) (ξ = µ, ν), we have the sum
of variance entanglement criterion:
FLin[ρˆ, Pµˆ, Pνˆ ] ≡ ∆2µˆ+ ∆2νˆ ≥ fLin(|δ¯|) = |δ¯|, (8)
that appears in Eq.(11) of Ref. [15] and in Eq.(3) of
Ref. [16] (the non-local observables can be mapped in
our notation through the identification showed in Table
I).
The product of variance entanglement criterion given
in Eq.(6) of Ref. [17] and in Eq.(28) of Ref. [18] can be
obtained if we choose the functional F as:
FH [ρˆ, Pµˆ, Pνˆ ] ≡ ∆2µˆ∆2νˆ ≥ fH(|δ¯|) = 1/4|δ¯|2. (9)
(see Table I for the identification of the non-local ob-
servables in references [17, 18] within our notation).
The Shannon-entropic entanglement criterion is obtained
when the functional F is the sum of Shannon entropies:
FE [ρˆ, Pµˆ, Pνˆ ] = h[Pµˆ] + h[Pνˆ ] ≥
≥ fE(|δ¯|) = ln(pie|δ¯|), (10)
h[P ] ≡ − ∫ dx P (x) ln(P (x)) is the Shannon entropy
of the probability distribution function P (x). This new
criterion presented here is based on a new uncertainty
relation, h[Puˆ] + h[Pvˆ] ≥ ln(pie|[uˆ, vˆ]|), recently proved
in Ref. [42] for generic operators uˆ and vˆ in an n-mode
bosonic system that are generic linear combination of the
position and momentum of each mode. In the particu-
lar case when the mirrored operators uˆ, vˆ form conjugate
pairs, i.e. they are related by a pi/2 rotation therefore
the wavefunctions corresponding to the eigenstates |u〉
and |v〉 are related by a Fourier Transform, we recover
the bipartite entanglement criteria in Eq.(13) of [22] that
used the old entropic uncertainty relation for conjugate
pairs of operators derived in [43] (see Table I for the iden-
tification of the non-local operators within our notation).
Nevertheless, here we have extended the result in [22] be-
cause the Shannon-entropic entanglement criterion given
in our Eq.(10) is valid for generic linear non-local opera-
tors µˆ and νˆ not necessarily conjugate pairs.
The three entanglement criterion given in Eqs.(8), (9)
and (10) can be written all together in a single inequality:
ln
[
pie(∆2µˆ+ ∆2νˆ)
] ≥ ln (2pie∆µˆ∆νˆ) ≥
≥ h[Pµˆ] + h[Pνˆ ] ≥ ln(pie|δ¯|). (11)
In this way, we see that the Shannon-entropic entangle-
ment criterion is the strongest criterion because its cor-
responding inequality can be violated in cases when the
other two are not, thus it can detect bipartite entangle-
ment when the other two do not. Exemples of bipar-
tite states whose entanglement can be detected with the
Shannon-entropic entanglement criterion but can’t be de-
tected with either variance criteria were shown in Ref.
[22].
The examples presented here show that in order to
create PPT+URNLO bipartite entanglement criteria we
only need URs of the form Eq. (2), valid for any pair
uˆ and vˆ of non-commuting linear non-local operators .
However, the most common UR relations are defined for
a single bosonic mode. Nevertheless, it is straightforward
to use this type of UR if we restrict ourselves to conjugate
pairs uˆ and vˆ of non-local operators because these oper-
ators define a type of “non-local” mode of its own right.
4Reference Equation Criterion Order “Original” non-local “Original” non-local
position: µˆ ≡ h1xˆ1 + h2xˆ2 momentum: νˆ ≡ g1pˆ1 + g2pˆ2
Simon [15] Eq.(11) FLin 2nd h1xˆ1 = d1qˆ1 + d2pˆ1 g1pˆ1 = d
′
1qˆ1 + d
′
2pˆ1
h2xˆ2 = d3qˆ2 + d4pˆ2 g2pˆ2 = d
′
3qˆ2 + d
′
4pˆ2
DGCZ [16] Eq.(3) FLin 2nd h1 = |a|, h2 = 1a h1 = |a|, g2 = − 1a , with real a
MGVT [17] Eq.(6) FH 2nd h1 = 1, h2 = 1 g1 = 1, g2 = −1
GMVT [18] Eq.(28) FH 2nd h1xˆ1 = a1qˆ1 + a3pˆ1 g1pˆ1 = b1pˆ1 + b3qˆ1
h2xˆ2 = a2qˆ2 + a4pˆ2 g2pˆ2 = b2pˆ2 + b4qˆ2
WTSTM [22] Eq.(13) FE > 2 h1 = 1, h2 = ±1 g1 = 1, g2 = ∓1
STW [23] Eq.(16) FE > 2 h1 = 1, h2 = ±1 g1 = 1, g2 = ∓1
TABLE I: Popular bipartite entanglement criteria that are of the type we call PPT+URNLO. In all cases the mirrored operators
are (see the text): the non-local position uˆ = µˆ and the non-local momentums vˆ = −g1pˆ1 + g2pˆ2 (if the partial transposition is
with respect of the first mode) or vˆ = g1pˆ1− g2pˆ2 (if the partial transposition is with respect of the second mode). We indicate
the order of the moments of the “original” operators that appear in each criterion. Note that tabulated operators on the l.h.s.
are ours.
For example, the UR in terms of the Re´nyi entropies were
used in Eq.(16) of [23] to create a PPT+URNLO bipar-
tite entanglement criterion. We recall the UR in terms
of the Re´nyi entropies: hα[P ] =
1
1−α ln
[∫
dxPα(x)
]
, de-
rived in [44]:
hα[Pµˆ] + hβ [Pνˆ ] ≥ − 1
2(1− α) ln
α
pi|γ| −
1
2(1− β) ln
β
pi|γ| ,
(12)
that is valid for any conjugate pairs with [uˆ, vˆ] = iγ1ˆ and
1/α+ 1/β = 2.
III. DEFINITION OF GENUINE
MULTIPARTITE ENTANGLEMENT
The same concepts outlined in the last section can be
used to develop entanglement criteria for multipartite
systems. A multipartite system consisting of n parts,
can be entangled in a number of different ways. For ex-
ample, an n-partite state is said to be genuinely n-partite
entangled if it cannot be prepared by mixing states that
are separable with respect to some bipartition, dividing
the constituent sub-systems into two groups. Thus, in
order to define genuine multipartite entanglement in an
n-mode state ρˆ ∈ ⊗ni=1Hi, we need to fix the notation
to specify the different possible bipartitions of the sys-
tem. We denote a bipartition of the system by ~α|~β,
where the vectors of integer indexes ~α ≡ (α1, . . . , αnA)
and ~β ≡ (β1, . . . , βnB ) indicate the modes belonging to
each part, and αi, βi are integers in the set {1, . . . , n}.
Thus, part A of the bipartition denoted by ~α, has nA
modes and part B denoted by ~β has nB = n−nA modes.
For convenience we order αi < αi+1 (i = 1, . . . , nA) and
βj < βj+1 (j = 1, . . . , nB).
The different bipartitions of an n mode system can be
classified according to the number of modes in each part.
Thus, the class (nA, nB) contains all possible bipartitions
with nA modes in part A and nB modes in part B. We
n (modes) nmaxA (classes) L (partitions)
2 1 1
3 1 3
4 2 7
5 2 15
6 3 31
...
...
...
n n/2 for n even, (n− 1)/2 for n odd L = 2n−1 − 1
TABLE II: Number of modes, classes, and partitions.
call nmaxA the number of different bipartition classes, i.e.
nA = 1, . . . , n
max
A where n
max
A = n/2 if n is even and
nmaxA = (n − 1)/2 if n is odd. In a given class (nA, nB)
there are NnA bipartitions that correspond to different
labels ~α|~β. For nA 6= n/2, NnA =
(
n
nA
)
, and for nA =
n/2, NnA =
1
2
(
n
nA
)
. It is easy to see that for either n
odd or even, there are a total of L = 2n−1 − 1 different
bipartitions. For example, in the case of a four mode
system (n = 4), we have two classes (nmaxA = 2): i) (nA =
1, nB = 3) that corresponds to the NnB = 4 bipartitions,
~α|~β = 1|234, 2|134, 3|124, 4|123, and ii) (nA = 2, nB = 2)
that corresponds to the NnB = 3 bipartitions, ~α|~β =
12|34, 13|24, 14|23. The total number of bipartitions in
this case is L = NnA=1 +NnA=2 = 4 + 3 = 2
4−1 − 1 = 7.
The table II presents some examples with n = 1, . . . , 6
for the number of classes (nmaxA ) and partitions (L).
It was a great advance in the understanding of multi-
partite entanglement to distinguish full n-partite insepa-
rable states (definition below) from those states that have
genuine multipartite entanglement [35–37]. A genuine n-
partite entangled state is one that does not belong to the
5family of “biseparable” states [35, 36]:
ρˆbs ≡
∑
{~α|~β}
p{~α|~β}ρˆ{~α|~β} =
=
∑
{~α|~β}
p{~α|~β}
∑
j
η
{~α|~β}
j ρˆ
{~α}
j ⊗ ρˆ{
~β}
j
 , (13)
where the first sum in Eq.(13) runs over the set {~α|~β}
of all the L possible bipartition’s of the system and
the states in between parenthesis are generic separable
states in the bipartition ~α|~β. Normalization requires that∑
{~α|~β} p{~α|~β} = 1 =
∑
j η
{~α|~β}
j . Note that for a given
class, all the modes in a given part might be entangled.
Thus, all forms of genuine nA- or nB-partite entangle-
ment may appear in state (13).
Any genuine multipartite entanglement criterion needs
to test entanglement in all the possible bipartitions that
can be drawn in the system. However, testing biparti-
tions individually is not enough, since biseparable states
(13) could be entangled in every bipartition of the sys-
tem. These are called full n-partite inseparable states
[36, 37]. For example, a class of n-partite inseparable
states corresponds to biseparable states with all the co-
efficients p{~α|~β} different from zero in Eq.(13), although
this is not a necessary condition (see a 3-mode example
in [37]). Therefore, a genuine entanglement criteria needs
to refute biseparable state ρˆbs as a possible description
of the system.
In the following section we first introduce entanglement
criteria to test entanglement in any bipartition of an n-
mode system, and then use these criteria to construct
criteria for genuine n-partite entanglement.
IV. ENTANGLEMENT CRITERIA FOR
GENERIC BIPARITIONS
Here we consider that the multipartite system consists
of n bosonic modes, described through local canonical
operators:
zˆ ≡ (xˆ, pˆ)T = (xˆ1, ..., xˆn, pˆ1, ..., pˆn)T , (14)
where T means transposition. Each pair of canonically
conjugate observables with continuous spectra xj and pj
verifies the commutation relation [xˆj , pˆk] = iδjk and we
generically call them position and momentum, respec-
tively. Here we’ll prove that the general form introduced
in Eq.(7) for bipartite entanglement criteria can be ap-
plied not only for a two mode system but also for the
general case of an arbitrary bipartition ~α|~β of an n-mode
bosonic system. We indicate the partial transposition as
T~t, with ~t = ~α if the partial transposition is with respect
to the modes contained in ~α and ~t = ~β if the partial
transposition is with respect to the modes contained in
~β. Because each of the L = 2n−1−1 possible bipartitions
can be tested with a different pair of non-local operators,
we rewrite Eq.(7) as
F [ρˆT~t , Puˆ~t , Pvˆ~t ] = F [ρˆ, Pµˆ~t , Pνˆ~t ] ≥ f(|δ¯~t|), (15)
where |δ¯~t| = max{|γ~t|, |δ~t|} with [uˆ~t, vˆ~t] = iγ~t1ˆ and
[µˆ~t, νˆ~t] = iδ~t1ˆ. The objective here is to determine what
entanglement criteria can be tested, given that the ex-
perimentalist has access to marginal probability distri-
butions of observables (16). Therefore, in the following
we will show that for a fixed pair of operators:
µˆ~t ≡
n∑
j=1
hj xˆj , (16a)
νˆ~t ≡
n∑
j=1
gj pˆj , (16b)
with commutator
δ~t =
n∑
j=1
hjgj , (17)
where hj , gj are arbitrarily real numbers, it is always
possible to find mirrored operators uˆ~t and vˆ~t that sat-
isfy the equality in Eq. (15). But, first note that if
we want to accomodate observables of the form µˆ~t =∑n
j=1 h
′
j xˆ
′
j + g
′
j pˆ
′
j and νˆ~t =
∑n
j=1 h
′′
j xˆ
′
j + g
′′
j pˆ
′
j , we simply
redifine the quadrature variables as hj xˆj = h
′
j xˆ
′
j + g
′
j pˆ
′
j
and gj pˆj = h
′′
j xˆ
′
j + g
′′
j pˆ
′
j .
All of the possible non-local operators of the n-mode
system are defined as linear combinations of the local
operators written in (14). We can write them as
zˆ~t ≡ (uˆ~t, vˆ~t)T = M~tzˆ, (18)
where
(uˆ~t, vˆ~t)
T ≡ (uˆ1,~t, ..., uˆn,~t, vˆ1,~t, ..., vˆn,~t)T , (19)
is the 2n-component vector of possible linear combina-
tions. The matrix M~t ≡ diag(Mx,~t,Mp,~t) is a 2n×2n real
matrix and Mx,~t and Mp,~t are non-singular real n×n ma-
trices that we call the x-matrix and the p-matrix of the
bipartition, respectively. First, we identify the mirrored
observables in Eq.(15) as
uˆ~t ≡ uˆk,~t =
n∑
j=1
(Mx,~t)k,j xˆj , (20a)
vˆ~t ≡ vˆk,~t =
n∑
j=1
(Mp,~t)k,j pˆj . (20b)
What remains is to determine the rows of the matrix M~t
such that the equality F [ρˆT~t , Puˆ~t , Pvˆ~t ] = F [ρˆ, Pµˆ~t , Pνˆ~t ] in
Eq.(15) holds for any functional and for the measureable
operators (16).
Since the local operators satisfy [xˆj , pˆk] = iδjk, we im-
pose that the non-local operators satisfy the commuta-
tion relation [uˆj,~t, vˆk,~t] = iγ~tδjk with γ~t any real number.
6This means that: MT
p,~t
Mx,~t = Mx,~tM
T
p,~t
= γ~t1 [50], so the
x-matrix is determined by the p-matrix:
Mx,~t = γ~t(M
−1
p,~t
)T . (21)
When the matrix M~t is orthogonal, i.e. M
T
~t
= M−1~t , we
have that each pair of non-local observables uˆj,~t and vˆj,~t
(j = 1, . . . , n) are conjugate operators. In this particular
case Eq.(21) reduce to:
Mx,~t = γ~t(Mp,~t). (22)
In Appendixes A and B, we prove that the coefficients
in Eqs. (20) are uniquely given by the kth row:
(Mp,~t)kj = g¯j =
{
−gj if j is one component of ~t
gj otherwise
(23)
and
((M−1
p,~t
)T )k,j =
hj
γ~t
. (24)
Therefore, the commutator between the mirrored observ-
ables is [uˆ~t, vˆ~t] = iγ~t1ˆ, with
γ~t =
n∑
j=1
hj g¯j = ±γ~α, (25)
where the plus sign is when ~t = ~α and the minus sign is
when ~t = ~β.
In this way, we see that the coefficients of the mirrored
operators uˆ~t and vˆ~t are determined once we specify the
p-matrix of the bipartition Mp,~t, whose k
th row is given in
Eq.(23) and with the kth row of (M−1
p,~t
)T given in Eq.(24).
Without loss of generality we can choose k = 1. In Ap-
pendix B we give the general structure of a matrix Mp,~t
with these properties that satisfied (21). This proves the
equality F [ρˆT~t , Puˆ~t , Pvˆ~t ] = F [ρˆ, Pµˆ~t , Pνˆ~t ] in Eq.(15).
For states ρˆ{~α|~β} that are separable in the bipartition
~α|~β, the partial transposed state ρˆT~t{~α|~β} (with ~t = ~α or
~t = ~β) is also a physical state. In this case, Eq.(15)
is not violated, since it is a valid uncertainty relation
for both sets of operators. Therefore, violation of Eq.
(15) constitutes a bipartite entanglement criterion for n
modes in bipartition ~α|~β, where the lower bound is given
by
|δ¯~t| = max{|γ~t|, |δ~t|} =
∑
j /∈{~t}
|hjgj |+
∑
j∈{~t}
|hj g¯j |. (26)
Here the first sum runs over indexes j corresponding to
those modes that were not transposed and the second
over those modes that were transposed. To observe the
violation of inequality (15) for states entangled in the
bipartition it is necessary to choose the coefficients of the
operators (hj and gj) in a way such that |δ¯~t| = |γ~t| > |δ~t|.
When we apply the sum of variance functional F =
FLin defined in Eq.(8) with f(|δ¯~t|) = |δ¯~t| in Eq.(15) we
recover the van Loock and Furusawa entanglement crite-
rion in Eq. (28) of Ref. [31]. The factor of 1/2 of the
lower bound in Ref. [31] is due to the fact that there
the commutation relation is [xˆj , pˆk] = iδjk/2 instead of
[xˆj , pˆk] = iδjk, as defined here. We stress that although
the PPT argument is not used explicitely in Ref. [31],
here we have shown these sum of variance inequalities
indeed belong to the class of PPT+URNLO bipartite en-
tanglement criteria.
We stress that we have proved that for every pair of
linear non-local observables (µˆ~t, νˆ~t), it is always possi-
ble to find a pair of mirrored linear non-local observ-
ables (uˆ~t, vˆ~t) such that the equality in Eq. (15) holds.
This relies on the structure of the matrix Mp,~t in Ap-
pendix B. In particular, we can always choose to test
entanglement with any pair of commuting non-local ob-
servables (i.e. [µˆ~t, νˆ~t] = δ~t = 0), with the advantage
that in this case we simply have a lower bound given
by |δ¯~t| = |γ~α|. Moreover, the inequality can always
be violated by a simultaneous eigenstate of the com-
muting operators, which are entangled states, and are
the backbone of quantum information in CV systems
[45, 46]. Examples of these type of eigenstates are the
2-mode EPR states that are simultaneous eigenstates
of relative position uˆ = xˆ1 − xˆ2 and the total momen-
tum vˆ = pˆ1 + pˆ2 [47], or the CV GHZ n-modes states
that are simultaneous eigenstates of the relative positions
uˆ1 = xˆ1− xˆ2, uˆ2 = xˆ2− xˆ3, . . . , uˆn−1 = xˆn−1− xˆn and the
total momentum vˆ = pˆ1 + . . .+ pˆn [31]. It is worth not-
ing that these type of unnormalised eigenstates are well
approximated by squeezed multipartite gaussian states
that have been generated in several experiments recently
[12–14]. In the next section we use this type of commut-
ing non-local linear operators to derive criteria that are
useful to detect genuine multipartite entanglement in any
n-partite state.
V. GENUINE MULTIPARTITE PPT+URNLO
ENTANGLEMENT CRITERIA
Here we will derive genuine PPT+URNLO entangle-
ment criteria that exclude the possibility of a violation
by the set of biseparable states ρˆbs given in Eq.(13). We
will provide two different types of genuine entanglement
criteria: a first one based on a single pair of commuting
operators and a second one based on a set of pairs of
commuting operators.
A. Criteria with a single pair of commuting
non-local operators
Let us suppose that we can find a pair of suitable non-
local operators µˆ =
∑n
j=1 hj xˆj and νˆ =
∑n
j=1 gj pˆj such
that [µˆ, νˆ] = 0 with γ~α =
∑n
j=1 hj g¯j 6= 0 for all the L
7bipartition’s of the system (where g¯j = −gj if j is one
component of the vector ~α or g¯j = gj otherwise). This
means we must consider all possible different location of
minus sign in g¯j within γ~α defined in Eq.(25), for fixed
values of the coefficients hj and gj . Then in this case
we could test entanglement in all the bipartition of the
system through the different inequalities (see Eq.(15)),
F [ρˆ, Pµˆ, Pνˆ ] ≥ f(|γ~α|), (27)
but with a single pair (µˆ, νˆ) of non-local operators. Be-
fore we prove that there is always a family of such
pairs in an n−mode system, let us see that if γmin =
min{~α} {|γ~α|} ≥ 0, and {~α} runs over all the L biparti-
tions of the system, then the single inequality,
F [ρˆ, Pµˆ, Pνˆ ] ≥ f(γmin) ≥ 0, (28)
is never violated by biseparable states defined in Eq.
(13). So, violation of this single inequality constitutes
a genuine multipartite entanglement criterion because it
tests entanglement in all the bipartitions of the system
and it is never violated by biseparable states. In or-
der to prove this, one of two conditions must be true:
i) the functional F is concave with respect to a convex
sum of density operators, i.e. F
[
ρˆ =
∑
j pj ρˆj , Pµˆ, Pνˆ
]
≥∑
j pjF [ρˆj , Pµˆ, Pνˆ ] or ii) the functional F [ρˆ, Pµˆ, Pνˆ ] ≥
F ′ [ρˆ, Pµˆ, Pνˆ ] where F ′ is concave with respect to a con-
vex sum of density operators. If the first condition is
valid, then for biseparable states ρˆbs we have,
F [ρˆbs, Pµˆ, Pνˆ ] ≥
∑
{~α|~β}
p{~α|~β}F
[
ρˆ{~α|~β}, Pµˆ, Pvˆ
]
≥
∑
{~α|~β}
p{~α|~β}f(|γ~α|)
≥ f(γmin) ≥ 0, (29)
where we assume by hypothesis that the inequality in
Eq.(27) is never violated by separable states ρˆ{~α|~β} in the
bipartition ~α|~β. Therefore, it can be seen immediately
that the same is true if the second condition is valid.
In Appendix C we prove the concavity of the sum of
entropies functional FE . This result, together with the
chain of inequalities in Eq.(11), proves that, besides the
entropic UR, we can use either the sum of variances UR
in Eq.(8) or the product of variances UR in Eq.(9) to set
the functional F in our genuine entanglement criterion
in Eq.(28).
In what follows we develop a systematic way to find
the non-local commuting operators in the genuine entan-
glement criterion in Eq.(28). Let’s start by defining Λ~t as
the diagonal matrix with ones in the location of modes
that are not transposed and negative ones in the loca-
tion of modes that are transposed. We consider a “seed”
partition, defined by the vector ~s ≡ (1, . . . , nA) of modes
in A. From this seed partition corresponding to a given
class (nA, nB), we can generate all elements of this class
by swapping the modes around. To do this we define the
bipartition permutation matrix P~s~α =
∏nA
i=1 Pi αi , where
Pi αi is the permutation matrix between mode i and mode
αi. In other words, Pi αi is the matrix obtained from
swapping the rows i and αi of the identity matrix 1, and
Pi,i = 1. Note that P~s~αPT~s~α = 1 because P
2
i αi
= 1.
Therefore, for an arbitrary matrix M, the matrix P~s~αM
corresponds to swapping all the rows in M indicated by ~s
with all the target rows indicated by ~α. Analogously, the
matrix MPT~s~α corresponds to swapping all the columns in
M indicated by ~s with all the target columns indicated
by ~α.
First, we observe that we can write the matrix Λ~t, as-
sociated with the partial transposition with respect to
any set of modes indicated in the vector ~t, as:
Λ~t = ±P~s~αΛ~sPT~s~α, (30)
where the minus sign applies when ~t = ~β and the plus
sign when ~t = ~α.
We call Λ~s, Mp,~s and Mx,~s = γ~s(M
−1
p,~s)
T the “seed”
matrices associated with the bipartition class (nA, nB).
With these matrices we can express the operators defined
in Eqs. (16) for the seed bipartition as
µˆ1,~s =
n∑
j=1
(Mx,~s)1j xˆj , νˆ1,~s =
n∑
j=1
(Mp,~sΛ~s)1j pˆj . (31)
Furthermore, we impose that [µˆ1,~s, νˆ1,~s] =
i(Mp,~sΛ~sMTx,~s)11 = iδ~s = 0. Therefore, according to
Eqs.(20), the mirrored non-local operators are:
uˆ1,~s = µˆ1,~s and vˆ1,~s =
n∑
j=1
(Mp,~s)1j pˆj , (32)
such that [uˆ1,~s, vˆ1,~s] = i(Mp,~sMTx,~s)11 = iγ~s 6= 0.
We can rephrase these statements by saying that
given the coefficient of the mirrored operators uˆ~s
and vˆ~s corresponding to the first columns of the
seed matrices (Mx,~s)1j = (h1, . . . , hnA , hnA+1, . . . , hn)
and (Mp,~s)1j = (−g1, . . . ,−gnA , gnA+1, . . . , gn), respec-
tively, the coefficient of the operators µˆ~s and νˆ~s
to test entanglement in the seed bipartition ~s|~β are
(Mx,~s)1j = (h1, . . . , hnA , hnA+1, . . . , hn) and (Mp,~sΛ~s)1j =
(g1, . . . , gnA , gnA+1, . . . , gn), respectively. Of course the
condition that µˆ~s and νˆ~s conmute impose some restric-
tions on the possible coefficients hj and gj .
In order to test entanglement in the rest of the biparti-
tions of the same class (nA, nB), we can use the matrices
Mp,~t = P~s~αMp,~sP
T
~s~α , Mx,~t = γ~sP~s~α(M
−1
p,~s)
TPT~s~α. (33)
One can check that these also verify Eq. (21). This
means that the first rows of the seed matrices Mx,~s and
Mp,~s were scrambled by the matrix PT~s~α and then mapped
to the α1 row by the matrix P~s~α. Thus, from (31) the
8non-local operators to test bipartition ~α|~β are:
µˆα1,~t =
n∑
j=1
(Mx,~sP
T
~s~α)α1,j xˆj (34a)
νˆα1,~t = ±
n∑
j=1
(Mp,~sΛ~sP
T
~s~α)α1,j xˆj . (34b)
We emphasize that although the mirrored operators
uˆα1,~t = µˆα1,~t and vˆα1,~t =
∑
l=1
(Mp,~sP
T
~s~α)α1,lxˆl, (35)
are different from the mirrored operators in Eq.(32) for
the seed bipartition, their commutator [uˆα1,~t, vˆα1,~t] =
[uˆ1,~s, vˆ1,~s] = iγ~s is the same. So, using the matrices in
Eqs.(33), the lower bound in Eq.(27) is equal for all bi-
partitions of the same class (nA, nB). Thus, we can use
this result to obtain a single pair of non-local operators
to be used in the genuine multipartite entanglement cri-
terion in Eq.(28).
For an arbitrary bipartition class (nA, n − nA) (1 ≤
nA ≤ nmaxA ) we set two type of seed matrices: M˜p,~s and
M˜′p,~s respectively. For bipartitions ~α|~β such that n /∈ ~α,
we choose the seed matrix M˜p,~s with the structure given
in Eq.(B4) of Appendix B. It’s first row is:
(M˜p,~s)1j = (−g, . . . ,−g, g . . . , g, g′), (36)
where the minus sign appears in the first nA positions,
g = −γ/2h and g′ = γ(n− 1)/2h′ (h, h′, γ arbitrary real
numbers). For bipartitions such that n ∈ ~α, we choose
the seed matrix M˜′p,~s whose first row is:
(M˜′p,~s)1j = (−g, . . . ,−g′, . . . ,−g, . . . ,−g, g, . . . , g), (37)
where again the minus sign stands in the first nA posi-
tions and g′ is located in the position i (1 ≤ i ≤ nA)
such that αi = n with αi a component of ~α. Therefore,
because it is always true that Mx,~s = γ~s(M
−1
p,~s)
T , for the
x-matrix associated with the p-matrix in Eq.(36) (i.e.
when n /∈ ~α) we have,
(M˜x,~s)1j = (h, h, . . . , h, h
′). (38)
And for the x-matrix associated with the p-matrix in
Eq.(37), (i.e. when n ∈ ~α) we have,
(M˜′x,~s)1j = (h, . . . , h
′, h, . . . , h), (39)
where the location of h′ is in the position i (1 ≤ i ≤ nA)
such that αi = n. These seed matrices set the mirrored
operators in Eqs.(32) and (35) with the commutator,
[uˆl1,~t, vˆl1,~t] = [uˆ1,~s, vˆ1,~s] = inAγ, (40)
if the mode n /∈ ~α and
[uˆl1,~s, vˆl1,~s] = [uˆ1,~s, vˆ1,~s] = −i(n− nA)γ, (41)
if the mode n ∈ ~α. Then, because (M˜′p,~sΛ~sPT~s~α)α1j =
(M˜p,~sΛ~sPT~s~α)α1j = (g, . . . , g, g
′) and (M˜′x,~sP
T
~s~α)α1j =
(M˜x,~sPT~s~α)α1j = (h, . . . , h, h
′), the commuting operators
in Eqs.(31) and (34) to test entanglement in all the bi-
partition of the class (nA, n− nA) are equal to:
µˆ = hxˆ1 + hxˆ2 + . . .+ hxˆn−1 + h′xˆn (42a)
νˆ =
γ
2
(
− pˆ1
h
− . . .− pˆn−1
h
+
(n− 1)pˆn
h′
)
, (42b)
with [µˆ, νˆ] = 0. This family of single pairs of operators
are the ones that must be used in our genuine entangle-
ment criterion in Eq.(28) with γmin = min{~α} {|γ~α|} =
minnA {nA|γ|, (n− nA)|γ|} = |γ|, where the minimiza-
tion is over the values 1 ≤ nA ≤ nmaxA . The three free
parameters of this family (h, h′, γ) increases the chances
to detect genuine entanglement in a n-mode systems us-
ing the single inequality in Eq.(28).
We recover the commuting non-local operators that
appear in Eq.(30) of [31], if we relabel mode 1 as n and
set h′ = 1 and h = −1/√n− 1, then γ = 2/(n − 1).
Here the lower bound must be given by γ = 2/(n − 1)
according to our Eq.(28) with F = FLin and fLin(|γ|) =
|γ| = 2/(n− 1). The factor of 1/2 of the lower bound in
Ref. [31] is due to the fact that there the commutation
relation is [xˆj , pˆk] = iδjk/2 instead of [xˆj , pˆk] = iδjk, as
defined here. This proves that the popular entanglement
criteria in [31] is indeed a PPT criteria. Although, in [31]
it was not proven that the single inequality in our Eq.(28)
with F = FLin and fLin(|γ|) = |γ| = 2/(n − 1) is never
violated by biseparable states ρˆbs, this was pointed out in
[36]. However, here we have gone a step further by prov-
ing that not only the sum of variance UR, but in fact any
UR of the form Eq.(2) can be used to set a genuine entan-
glement criteria with (28) for any pair of linear non-local
operators of the family (42). In this regard, we stress that
with similar experimental effort one can test entropic en-
tanglement criteria, which outperform variance criteria
in general. It is worth noting that the genuine tripartite
entanglement criteria in Eq.(1) of [38] is a special case
of our genuine criterion given in (28) with F = FH and
fH(|γ|) = |γ|2/4 where the single pair of operators used
µ = xˆ1 − (x2 + x3)/
√
2 and ν = p1 + (p2 + p3)/
√
2 can
be mapped in our family of commuting operators in (42)
if we rename mode 1 as mode 3 and set h = −1/√2 and
h′ = γ = 1. The lower bound in Ref. [38] is 1 instead of
fH(|γ| = 1) = 1/4 of our case due to the fact that there
the commutation relation is [xˆj , pˆk] = 2iδjk instead of
[xˆj , pˆk] = iδjk, as defined here.
A limitation of using the single inequality in Eq.(28) as
a genuine entanglement criterion is that the range of URs
that can be used to set the functional F (and the func-
tion f) is restricted to those URs of the form in Eq.(2)
valid for arbitrary linear non-local observables, exclud-
ing the possibility to use URs valid for conjugate pairs,
i.e. for those pairs of operators related by a pi/2 rota-
tion. For example, we can not use the UR in Eq.(12)
to set the functional F and the function f in our PPT-
9URNLO genuine entanglement criterion in Eq.(28). This
is because the pairs of mirrored operators (uˆl1,~t, vˆl1,~t) and
(uˆ1,~s, vˆ1,~s) associated with the pairs of operators µˆ and
νˆ in Eq.(42) cannot be canonical conjugated. In order
to see this, notice that the seed matrices M˜p,~s and M˜′p,~s,
whose first rows are in Eqs.(36) and (37) respectively, and
the matrizes M˜x,~s and M˜′x,~s, whose first rows are in and
Eq.(38) and (39) respectively, do not satisfied the condi-
tion in Eq.(22), that guarantee the conjugation between
the mirrored operators, for any value of the parameters
h, h′, γ. We can fix this limitation if we consider PPT-
URNLO entanglement criteria based on a set of pairs of
commuting operators.
B. Criterion with several pairs of commuting
non-local operators
It is also possible to have a genuine PPT-UNRLO en-
tanglement criterion that consists also in a single inequal-
ity but, contrary to the one in Eq.(28), involves several
pairs of commuting operators. We start defining a set
of pairs {(µˆm, νˆm)} of commuting operators with m =
1, . . . ,M (M ≤ L) of the form µˆm =
∑n
j=1 hmj xˆj and
νˆm =
∑n
j=1 gmj pˆj , where hmj , gmj are real numbers not
all equal to zero. We also define γm,~α ≡
∑n
j=1 g¯mjhmj
where for all values of m, g¯mj = −gmj if j is one com-
ponent of the vector ~α or g¯mj = gmj otherwise. Now,
for a given set of coefficients hmj and gmj (m fixed and
j = 1, . . . , n), we must check all the possible locations of
the minus sign of g¯mj within γm,~α ≡
∑n
j=1 g¯mjhmj and
see for which combinations of locations γm,~α is different
from zero. According to Eq.(25), for m fixed, the num-
ber γm,~α is the commutator of the operator pair (uˆm, vˆm)
where the location of the minus sign in γm,~α indicates
which modes were partial transposed.
We denote the subset of all bipartitions {~α|~β} of the
system where the values of γm,~α are not zero as {~α}m
(for every fixed value of m). This means, that we can
test entanglement with the pair (µˆm, νˆm) in all the bi-
partitions {~α}m with the single inequality (like the one
in Eq.(28)),
F [ρˆ, Pµˆm , Pνˆm ] ≥ f(γm,min) ≥ 0, (43)
where we call γm,min = min{~α}m
{|γm,~α|} > 0. Notice, that
for every pair of observables (µˆm, νˆm) correspond a set
{(uˆm,l, vˆm,l)} of mirrored observables, with l = 1, . . . , Lm
and Lm the total number of bipartitions in the set
{~α}m. This means that for every bipartition in the set
{~α}m, we have a different pair of mirrored observables
uˆm,l =
∑n
j=1 hm,j xˆj and uˆm,l =
∑n
j=1 g¯m,j pˆj (the in-
dex l is counting the different location of minus sign such
γm,~α ≡
∑n
j=1 g¯mjhmj 6= 0).
Now, consider functionals F such either i) are con-
cave with respect to a convex sum of density opera-
tors or ii) verify F > F ′ with F ′ concave with re-
spect to a convex sum of density operators. Then, we
can proceed like in Eq.(29) and recognise that inequal-
ity (43) is never violated by biseparable states ρˆbs with
p{~α|~β} = 0 corresponding to the bipartitions such that
{~α|~β} 6= {~α}m (see Eq.(13)). However, states ρˆbs with
p{~α|~β} = 0 for {~α|~β} = {~α}m do not necessary verify
the inequality (43). Furthermore, inequality (43) only
tests bipartite entanglement in the bipartitions of the set
{~α}m (m fixed) that does not necessarily correspond to
all the bipartitions of the system. But, if all of the sets
{{~α}m,m = 1, . . . ,M} cover all possible bipartitions of
the system (with possible repetitions), then all bisepara-
ble states ρˆ = ρˆbs satisfy:
M∑
m=1
F [ρˆ, Pµˆm(ξ), Pνˆm(ξ)] ≥ bΘc f (γ˜min) ≥ f (γ˜min) ,
(44)
with γ˜min = min
m
{γm,min} and bΘc =
b∑Mm=1∑{~α}m p{~α}mc ≥ 1, where bxc is the largest
integer not greater than x. Therefore, Eq.(44) consti-
tutes a PPT-UNRLO entanglement criterion for genuine
n-partite entanglement.
Consider for example, in the case of 4-mode states, the
set of commuting operators considered in Eq.(39) of Ref.
[31] (see also [36]):
µˆ1 = xˆ1 − xˆ2 , νˆ1 = pˆ1 + pˆ2 + g13pˆ3 + g14pˆ4,
µˆ2 = xˆ2 − xˆ3 , νˆ2 = g21pˆ1 + pˆ2 + pˆ3 + g24pˆ4, (45)
µˆ3 = xˆ1 − xˆ3 , νˆ3 = pˆ1 + g32pˆ2 + pˆ3 + g34pˆ4,
µˆ4 = xˆ3 − xˆ4 , νˆ4 = g41pˆ1 + g42pˆ2 + pˆ3 + pˆ4,
µˆ5 = xˆ2 − xˆ4 , νˆ5 = g51pˆ1 + pˆ2 + g53pˆ3 + pˆ4,
µˆ6 = xˆ1 − xˆ4 , νˆ6 = pˆ1 + g62pˆ2 + g63pˆ3 + pˆ4.
For the first pair we have that γ1,~α ≡
∑4
j=1 g¯1jh1j 6= 0
(where g11 = g22 = h11 = 1, h12 = −1 and h13 =
h14 = 0) only when we consider partial transposition
in the bipartitions: {~α}1 = {1|234, 2|134, 13|24, 14|23}.
Therefore, with the pair (µˆ1, νˆ1) we can test bipartite
entanglement in the bipartitions in the set {~α}1 us-
ing the inequality in Eq.(43) with γ1,min = 2, since
γ1,~α = 2 for all the bipartitions in the set {~α}1.
Equivalently we can test bipartite entanglement with
the rest of the pairs of operators in the following bi-
partitions: {~α}2 = {2|134, 3|124, 12|34, 13|24}, {~α}3 =
{1|234, 3|124, 12|34, 14|23}, {~α}4 = {3|124, 4|123, 13|24,
14|23}, {~α}5 = {2|134, 4|123, 12|34, 14|23}, {~α}6 =
{1|234, 4|123, 12|34, 13|24} ( where γm,~α = 2 so γ˜min =
γm,min = 2 with m = 1, . . . , 6). Also, bΘc = b3(p1|234 +
p2|134 + p3|124 + p4|123) + 4(p12|34 + p13|24 + p14|23)c = 3
so we can use the lower bound 3f (γ˜min) in our gen-
uine entanglement criterion in Eq.(44). In the case when
the functional is F = FLin (and therefore f(γ˜min) =
fLin(γ˜min) = |γ˜min| = 2) we recover the genuine en-
tanglement criterion given in Eq.(43) of [36]. Again,
the difference in the lower bound comes from the dif-
ference in the canonical commutation relation that they
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used. We stress that the set of inequalities in Eq.(39)
of Ref. [31], that correspond to our inequalities in
Eq.(43) with the operators in Eq.(45) and F = FLin
(fLin(γm,min) = |γm,min| = 2), do not constitute a gen-
uine multipartite entanglement criterion, as was pointed
out in [36]. Only when the single inequality in Eq.(44)
is used, a genuine multipartite entanglement criterion is
achieved.
Also, we can easily recover the four-partite genuine
entanglement criterion given in Eq.(44) of [36] if we
use the set of pairs of non-local operators {(µˆm, νˆm)}
(m = 1, 2) where the pair (µˆ2, νˆ2) is the one already
given in our Eq.(45), and the new commuting pair is
(µˆ1 = xˆ1 − xˆ4 − (xˆ2 + xˆ3), νˆ1 = pˆ1 − pˆ4 + pˆ2 + pˆ3). With
this new pair we can test bipartite entanglement in the bi-
partitions {~α}1 = {1|234, 2|134, 3|124, 4|123, 14|23}, with
|γ1,1|234| = |γ1,2|134| = |γ1,3|124| = |γ1,4|123| = 2 and
|γ1,14|23| = 4 respectively, so γ1,min = 2 and γ˜min =
min {γ1,min, γ2,min} = 2. In this case we have bΘc =
bp1|234+2p2|134+2p3|124+p4|123+p12|34+p13|24+p14|23c =
2. We do not develop explicitly all cases but it is straight-
forward to verify that all genuine multipartite entangle-
ment criteria presented in [36] can be recovered with the
systematic presented in this work. The same is true
for all the genuine 3-mode genuine entanglement crite-
ria presented in [37]. For example, the genuine entan-
glement criteria in Eq.(5) of [37] is a special case of our
genuine PPT-UNRLO entanglement criterion in Eq.(44)
with F = FH (and f(γ˜min) = fH(γ˜min) = 1/4|γ˜min|2). In
this case we only need two pairs of non-local observables:
µˆ1 = xˆ1 − xˆ2 , νˆ1 = pˆ1 + pˆ2 + pˆ3,
µˆ2 = xˆ1 − xˆ3 , νˆ2 = pˆ1 + pˆ2 + pˆ3. (46)
With the first pair (µˆ1, νˆ1) we can test bipartite entangle-
ment in the bipartitions {~α}1 = {1/23, 2/13}, and with
the second pair in the bipartitions {~α}2 = {1/23, 3/12},
where |γm,~α| = 2 = γm,min (m = 1, 2) for all the
bipartitions, and therefore γ˜min = 2. Also, bΘc =
b2p1|23 + p2|13 + p3|12c = 1.
Our systematic approach also unveils many alterna-
tives to construct genuine entanglement criteria for the
same set of commuting non-local observables. This come
through the possibility to use any UR relation of the
form in Eq.(2) valid for the associated set of mirrored
non-local observables {(uˆm,l, vˆm,l)}. In this regards it
is worth noting that it is always possible to choose the
set {(µˆm, νˆm)} (m = 1, . . . ,M ≤ L) in such a way that,
for every pair (µˆm, νˆm), the associated set {(uˆm,l, vˆm,l)}
consists of conjugate pairs. So, we can also use in our
entanglement criterion in Eq.(44), any UR of the form in
Eq.(2) that are valid only for conjugate pairs of observ-
ables, such as those involving the Re´nyi entropy Eq.(12).
It is instructive to develop an example. In a 4-mode sys-
tem, we can use the set of observables:
µˆ1 =
xˆ1 − xˆ2√
2
, νˆ1 =
pˆ1 + pˆ2√
2
,
µˆ2 =
xˆ2 − xˆ3√
2
, νˆ2 =
pˆ2 + pˆ3√
2
, (47)
µˆ3 =
xˆ1 − xˆ3√
2
, νˆ3 =
pˆ1 + pˆ3√
2
,
µˆ4 =
xˆ3 − xˆ4√
2
, νˆ4 =
pˆ3 + pˆ4√
2
,
µˆ5 =
xˆ2 − xˆ4√
2
, νˆ5 =
pˆ2 + pˆ4√
2
,
µˆ6 =
xˆ1 − xˆ4√
2
, νˆ6 =
pˆ1 + pˆ4√
2
.
The sets of bipartitions {~α}m that these operators test
for bipartite entanglement coincide with the sets of bi-
partitions that the operators in Eq.(45) test for bipartite
entanglement. In this case, |γm,~α| = γm,min = γ˜min = 1
with m = 1, . . . , 6. The associated set of mirrored non-
local observables {(uˆm,l, vˆm,l)}, with m = 1, . . . , 6 and
l = 1, . . . , 4, are all conjugate pairs. Indeed, according
to Eq.(20), for each conjugate pair (uˆm,l, vˆm,l) we have
associated matrices Mx,~t=~α and Mp,~t=~α whose first rows,
for example, correspond to the coefficients of the oper-
ators uˆm,l and vˆm,l respectively. In this case, because
uˆm,l and vˆm,l are conjugate pairs, the different matrices
satisfy Mx,~t = γm,~α(Mp,~t), as we can readily check.
VI. EXAMPLE
The utility of our technique can be better appreciated
by an example. Let us consider the quadripartite state
ρˆ = (1− b) |ψ〉 〈ψ|+ b |vac〉 〈vac| , (48)
where |vac〉 is the four-mode vacuum state and the state
|ψ〉 =
∫∫∫∫
1
pi
√
s2t2
e−
(
x1+
x2+x3√
2
)2
4s2 e−
(
x3−x2√
2
+x4
)2
4s2 ×
(49)
e−
(
x1−
x2+x3√
2
)2
4t2 e−
(
x3−x2√
2
−x4
)2
4t2 |x1〉 |x2〉 |x3〉 |x4〉
can be produced by creating two-mode squeezed states
(modes 1/2 and 3/4) and then combining modes 2 and
3 on a 50/50 beam splitter [46]. Here the variables s
and t are related to the usual squeezing parameter r by
s = (er)/2 and t = (e−r)/2, where r −→ ∞ corresponds
to infinite squeezing. The state ρ is an incoherent com-
bination of the state |ψ〉 and the vacuum state. We will
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probe the entanglement using the operators
µˆ1 = xˆ1 − xˆ2 + xˆ3√
2
, (50a)
νˆ1 = pˆ1 +
pˆ2 + pˆ3√
2
, (50b)
µˆ2 =
xˆ3 − xˆ2√
2
− xˆ4, (50c)
νˆ2 =
pˆ3 − pˆ2√
2
+ pˆ4. (50d)
The marginal probability distributions associated to
these operators can either be measured directly or
obtained as marginals of the probability distributions
P (x1, x2, x3, x4) and P (p1, p2, p3, p4). Following Table
II, there are seven possible bipartitions. One can see
immediately that the operator pair µˆ1 and νˆ1 could de-
tect entanglement in every possible bipartition, except
in the bipartition 4|123, using the type of criterion in
Eq.(43). Analogously, the pair µˆ2 and νˆ2 could detect
entanglement in all the bipartitions except in the bipar-
tition 1|234. Thus, following the procedure outlined in
section V B, we can use criteria (44) with M = 2, and
also with the knowledge that each possible bipartion ap-
pears at least once in the sum over all tested biparti-
tions in the argument of the Θ function. Thus, we have
bΘc = 1. Furthermore, direct calculation of the commu-
tators γm,~α for all tested bipartitions (parameterized by
~α) shows that γm,~α ≥ 1, so that γ˜min = 1. We can then
test the three entanglement criteria provided by the set
of inequalities (11) in the multipartite form given by Eq.
(44). Specifically, we test the linear inequality:
∆µˆ21 + ∆νˆ
2
1 + ∆µˆ
2
2 + ∆νˆ
2
2 ≥ 1, (51)
the product inequality:
2∆µˆ1∆νˆ1 + 2∆µˆ2∆νˆ2 ≥ 1, (52)
and the entropic inequality:
h[Pµˆ1 ] + h[Pνˆ1 ] + h[Pµˆ2 ] + h[Pνˆ2 ] ≥ ln(pie). (53)
Violation of any of these inequalities guarantees gen-
uine quadripartite entanglement. Figure 1 shows the
violation of these inequalities for the state (48) as a
function of the mixing parameter b. Here we chose
squeezing parameter r = 2. One can see that the
entropic criteria detects entanglement in regions where
both the linear variance and variance product criteria
fail. We emphasise that if the joint distribution probabil-
ities, P (x1, x2, x3, x4) and P (p1, p2, p3, p4), were experi-
mentally sampled, we have the freedom to choose any
set {(µˆm(x1, x2, x3, x4), νˆm(p1, p2, p3, p4))} to test gen-
uine multipartite entanglement, using any uncertainty re-
lation in criterion (44) that depends only on the marginal
distributions Pµˆm and Pνˆm .
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FIG. 1: (Color online.) Violation of three entanglement cri-
teria for state (48) as a function of the mixing parameter b
(both are dimensionless quantities). Genuine quadripartite
entanglement is identified for negative values. The red solid
curve corresponds to the linear criteria (51), the blue dashed
line to the product criteria (52), and the black dotted line
to the entropic criteria (53). For this non-gaussian state, the
entropic criteria detects entanglement in regions where the
variance criteria fail.
VII. FINAL REMARKS
The detection of genuine multipartite entanglement is
a necessary and important step in the realization of quan-
tum information tasks that exploit correlations between
many parties. In the case of bipartite entanglement of
continuous variable systems, the most widely adopted
entanglement criteria are those based on constraints pro-
vided by uncertainty relations on non-local operators.
Here we have provided a general framework to construct
these types of criteria, based on the positive partial trans-
pose criteria and uncertainty relations for non-local op-
erators. Our criteria employ arbitrary uncertainty rela-
tions and consider bipartions of generic size. We then use
these results to build genuine multipartite entanglement
criteria, and explicitly provide two categories. The first
allows one to identify genuine multipartite entanglment
with the measurement of a single pair of operators, and
the second allows one to perform measurements on sub-
sets of the constituent systems. These criteria are easily
computable and experimentally friendly, in the sense that
they require the reconstruction of a limited number of
joint probability distributions. We expect our results to
be useful in identifying genuine entanglement in a num-
ber of experimental systems.
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Appendix A
Here we are going to find the coefficients (Mx,~t)k,j
and (Mp,~t)k,j that define the mirrored non-local oper-
ators in (20) such that the equality F [ρˆT~t , Puˆ~t , Pvˆ~t ] =
F [ρˆ, Pµˆ~t , Pνˆ~t ] in Eq.(15) holds for any functional. In or-
der to do this, first note that the probability distributions
Pξˆ (ξ = µ, ν) are marginals:
Pξˆ =
∫
dξ′ W˜T~t(µ~t, ν~t), (A1)
(where ξˆ = νˆ if ξ′ = ν and ξˆ = µˆ if ξ′ = µ) of the
marginal distribution
W˜T~t(u~t, v~t) ≡
∫
du~tdv~t
|γ~t|n
WT~t
(
M−1
x,~t
u~t,M
−1
p,~t
v~t
)
×
×δ(uk,~t − u~t)δ(vk,~t − v~t)
of the Wigner function WT~t (x,p) of the operator ρˆ
T~t .
Now, we remember that [15]:
WT~t(x,p) = W (x,Λ~tp),
where W is the Wigner function of the original state ρˆ
and Λ~t is a diagonal matrix with ones in the location
of modes that are not transposed and negative ones in
the location of modes that are transposed. Making the
change of variables µ~t = Mµ,~tu~t and ν~t = Mν,~tv~t with the
Jacobian equal to one we can write:
W˜T~t(u~t, v~t) =∫
dµ~tdν~t
|γ~t|n
W
(
M−1
x,~t
M−1
µ,~t
µ~t ,Λ~tM
−1
p,~t
M−1
ν,~t
ν~t
)
×
×δ
(
n∑
i=1
(M−1
µ,~t
)kiµ
i,~t
− µ~t
)
×
×δ
(
n∑
i=1
(M−1
ν,~t
)kiν
i,~t
− ν~t
)
= W˜ (µ~t, ν~t). (A2)
In order for W˜ (µ~t, ν~t) to be the marginal distribution of
the Wigner function of the original state ρˆ, associated
with operators µˆ~t and νˆ~t, the following conditions must
be fulfilled: M−1
x,~t
M−1
µ,~t
= M−1
x,~t
and Λ~tM
−1
p,~t
M−1
ν,~t
= M−1
p,~t
. This
is equivalent to:
Mµ,~t = 1 (A3a)
Mν,~t = Mp,~tΛ~tM
−1
p,~t
= Mp,~tΛ~tM
T
x,~t
γ−1~t , (A3b)
with det(Mν,~t) = det (Λ~t) = (−1)n˜ where n˜ = nA for
~t = ~α and n˜ = nB = n − nA when ~t = ~β (thus the Ja-
cobian in the change of variables in Eq.(A2) were indeed
equal to one). Note that Mν,~t is an involutory matrix,
i.e., M2
ν,~t
= 1 with signature n˜ (the signature is the num-
ber of elements equal to −1 in Λ~t [48]). If conditions in
Eqs.(A3) are fulfilled then for the marginals Pµˆ~t and Pνˆ~t
of W (µ~t, ν~t) we have
Puˆ~t = Pµˆ~t and Pvˆ~t = Pνˆ~t , (A4)
where Puˆ~t and Pvˆ~t are the marginals of W˜T~t(u~t, v~t).
The involutory property of Mν,~t (i.e. Mν,~t = M
−1
ν,~t
) and
the Eqs.(A3) and (21) allows us to recognise in (A2) the
operators µˆ~t and νˆ~t in Eq.(16) as:
µˆ~t ≡ µˆk,~t =
n∑
j=1
γ~t((M
−1
p,~t
)T )k,j xˆj (A5a)
νˆ~t ≡ νˆk,~t =
n∑
j=1
(Mp,~tΛ~t)kj pˆj , (A5b)
where we use that Mx,~t = γ~t(M
−1
p,~t
)T . Therefore, compar-
ing with Eqs.(16) we arrive at
hj
γ~t
= ((M−1
p,~t
)T )k,j (A6a)
gj = (Mp,~tΛ~t)kj , (A6b)
with [µˆ~t, νˆ~t] = i(Mp,~tΛ~tM
T
x,~t
)kk = i
∑n
j=1 hjgj = iδ~t1ˆ, co-
inciding with the result in Eq.(17). Because the matrix
Mµ,~t = 1, the original and mirrored non-local position-
type observable coincide, i.e. uˆ~t = µˆ~t. The coefficient
of the mirrored non-local observable vˆ~t in Eq.(20) can
be obtained from Eq.(A6b) giving the result in Eq.(23).
Therefore, the commutator between the mirrored observ-
ables is [uˆ~t, vˆ~t] = iγ~t1ˆ, with γ~t given in Eq.(25).
In this way, we see that the coefficients of the mir-
rored operators uˆ~t and vˆ~t are determined once we specify
the p-matrix of the bipartition Mp,~t, whose k
th row is
given in Eq.(23) and with the kth row of (M−1
p,~t
)T given
in Eq.(A6a). Without loss of generality we can choose
k = 1. In Appendix B we give the general structure
of a matrix Mp,~t with these properties. This proves the
equality F [ρˆT~t , Puˆ~t , Pvˆ~t ] = F [ρˆ, Pµˆ~t , Pνˆ~t ] in Eq.(15).
Appendix B
Here we give the general structure of a n×n real matrix
Mp,~t that satisfy Eqs.(23) and (A6a) for a given value of
γ~t. Without lost of generality we choose k = 1 so:
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(Mp,~t)ij =

g¯1 = g¯1(γ~t, δ~t, g¯2, . . . , g¯n, h1, . . . , hn) for i = j = 1
g¯j for i = 1 and 1 < j < n
g¯n = g¯n(γ~t, δ~t, g¯2, . . . , g¯n, h1, . . . , hn) for i = 1 and j = n
Qij 1 < i ≤ n and 1 ≤ j ≤ n− 1
− 1hn
(∑n−1
l=1 hlQil
)
for 1 < i ≤ n and j = n
(B1)
where g¯j = −gj if j is one component of the vector ~t
or g¯j = gj otherwise (~t = ~α or ~t = ~β), g¯1 and g¯n are
solutions of the equations:
n∑
j=1
g¯jhj = γ~t (B2)
n∑
j=1
gjhj = δ~t (B3)
and the matrix elements Qij (1 < i ≤ n and 1 ≤ j ≤
n − 1) are arbitrary. In the case of a “seed” partition
defined by the vector ~t = ~s = (1, . . . , nA) the explicit
form of Mp,~s is:
(Mp,~s)ij =

−g1 = −1h1
(
δ~s−γ~s
2 −
∑nA
l=2 gjhl
)
for i = j = 1
−gj for i = 1 and 1 ≤ j ≤ nA
gj for i = 1 and nA < j < n
gn =
1
hn
(
δ~s+γ~s
2 −
∑n−1
l=nA+1
gjhl
)
for i = 1 and j = n
Qij 1 < i ≤ n and 1 ≤ j ≤ n− 1
− 1hn
(∑n−1
l=1 hlQil
)
for 1 < i ≤ n and j = n
. (B4)
Appendix C
Let’s see the concavity of the functional
FE [ρˆ, Pµˆ, Pνˆ ] = h[Pµˆ] + h[Pνˆ ], i.e. if ρˆ =
∑
j pj ρˆj
(
∑
j pj = 1) then FE [ρˆ, Pµˆ, Pνˆ ] ≥
∑
j pjFj,E [ρˆ, Pµˆ, Pνˆ ].
The Wigner function of an arbitrary n-mode state ρˆ
is W (x,p) = W (M−1
x,~t
µ~t,M
−1
p,~t
ν~t), so the functional FE
can be determined from the marginal distribution (see
Eq.(A2)): W˜ (µ, ν) =
∫ dµ~tdν~t
|γ~t|n W (M
−1
x,~t
µ~t,M
−1
p,~t
ν~t). If we
set ρˆ =
∑
j pj ρˆj (
∑
j pj = 1), the Wigner function of ρˆ
is the convex sum of the Wigner functions of the states
ρˆj , i.e. W (x,p) =
∑
j pjWj(x,p), and therefore for the
marginal distribution we have:
W˜ (µ, ν) =
∑
j
pjW˜j(µ, ν). (C1)
Because Pξˆ(ξ) =
∫
dξ′ W˜ (µ, ν) (where ξˆ = νˆ if ξ′ = ν and
ξˆ = µˆ if ξ′ = µ), from Eq.(C1) we immediately obtain:
Pξˆ(ξ) =
∑
j
pjPj,ξˆ(ξ). (C2)
Now, we use that the Shannon entropy: G[P (ξ)] ≡
− ∫∞−∞ dξP (ξ) ln(P (ξ)) is a strictly concave functional
of P (ξ), i.e. if P (ξ) =
∑
j pjPj(ξ) then G[P (ξ)] ≥∑
j pjG[Pj,ξˆ(ξ)] (see below), so we can write,
FE [ρˆ, Pµˆ, Pνˆ ] = G[Pµˆ(µ)] +G[Pνˆ(ν)] ≥
≥
∑
j
pj (G[Pj,µˆ(µ)] +G[Pj,νˆ(ν)]) =
=
∑
pjFj,E [ρˆ, Pµˆ, Pνˆ ]. (C3)
We can see that G[P (ξ)] is a strictly concave func-
tional in the following way. First, we note that P (ξ) =∑
j pjPj(ξ) ≥ Pj(ξ), thus because − ln(x) is a strictly
crescent function we also have − ln(P (ξ)) > − ln(Pm(ξ)).
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Therefore, we we immediately have:
G[P (ξ)] = −
∫
S
dξ
∑
j
pjPj(ξ)
 ln (P (ξ)) ≥
≥
∑
j
pj
(
−
∫
S
dξPj(ξ) ln (Pj(ξ))
)
=
=
∑
j
pjG[Pj(ξ)]. (C4)
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